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Abstract

Some systems of self-interested agents (i.e. games) ndnt&ntive structures that could allow
agents to assemble a strategy from several independentdy medependent decisions, rather
than considering the entire game at once. We present anrajgbtinct from previous compact
game representations, which captures this by reintengretny normal form game as the result
of a productoperation orfactor games. Factor games isolate independent strategic ititarac
in that actions taken in one do not affect outcomes of thersthé/e give a polynomial expected
time algorithm to discover all factors of a game with boungagiouts, and prove that a variety of
solution concepts, including Nash equilibrium, can be cota@ on factors and easily reconstituted
for the product. In some games, this independence struotageoccur only approximately. We
therefore define an approximate compact foeafactoring, which isolates strategic interactions
that arenearly independent. The product of Nash equilibriactfactors is anc-equilibria in the
approximated game. Finding thkefactoring that isolates a specific interaction with miniraa
characterizes the cost of reasoning about it independently






1 Introduction

The most general form for games, the Normal Form Game (NFRg&&gies each player’s utility
from every combination of pure strategies. This exhausivemeration of outcomes can capture
any game, but fails to exploit any structure in agent ine@stithat could simplify computation.
More compact representations of complex games help agelets strategies, allow modelers to
reason about larger social systems, and help mechanisgneesito design scalable systems with
guaranteed properties.

The prototypical compact form is the extensive form (c.R])1 which captures sequential
actions in games. Another example is the graphical modelvi8jch compacts games where
player actions affect utilities only of selected “neighgior Local effect games [11] and action
graph games [3] capture symmetries between players (shatiets) and conditional interactions
(where actions affect only the outcomes of players of ceéier actions).

This paper is concerned with another structure wherebypieii@ent strategic interactions are
embedded in a larger game. To illustrate this structure, @geribe a stylized model of airline
competition where revenue is derived only from direct flgylaind split between local competitors.
Airlines in this scenario can choose whether to service tqoéar route without considering other
routes, and still play optimally.

We examine this structure by introducing in Section 2 an laigever NFGs which allows
games with independent interactions to be reinterpreteth@product of independenfactor
games. As we show in Section 3, factoring a game under oubm@geroduces a more com-
pact representation (in some cases exponentially), anid¢hars of a game support a “divide and
conquer” approach to speed the finding of Nash equilibria.

Koller and Milch [10] explored this structure with a differeapproach using a representation
closely related to Bayesian networks and the extensive fdMuoiti-Agent Influence Diagrams
(MAIDs). Algorithms presented for MAIDs can find some edoiiia faster because that form
represents directed strategic interactions, but caroféihtl equilibria that are not subgame-perfect.
By contrast, the relationship between equilibria in a ganek ismfactoring under our algebra is
more direct: the set of Nash equilibria in the factors of a gaiascribeall Nash equilibria in
their product. We also show that other widely used solutioncepts, such as dominance and
rationalizability, are similarly captured by a game’s tast

Another capability supported by our algebra is the autothdttection of a compact form.
Most previous compact forms can naively represent any ga&nge @ fully connected graphical
game or action graph), but it is generally assumed tr@inapactgame representation is known
prior to computation. We outline an algorithm in Section 4endby an agent or analyst presented
with an arbitrary NFG can find all of its factors. By leveragiiagtoring techniques from compu-
tational algebra, our algorithm runs in expected time poigial in the game size when the largest
difference in the integer forms of any one player’s utitie bounded. Fast automated detection
of factors is potentially of interest in conjunction withrgas learned empirically in their normal
form, as in [16].



Our factoring algorithm contributes to another body of Adéearch on preprocessing games
to aide future computation. Other examples include iteraleminance [9], generalized elim-
inability [6], and CURB set preprocessing [2]. Games redugethbse techniques typically omit
information unnecessary for Nash equilibrium search. Adiaeg, by contrast, contains all in-
formation in the original game. Potential acceleration imsN equilibrium search is of interest
as the problem of finding Nash equilibria has recently beawshto bePP.AD-Complete [5],
even in two player games with binary payouts [1] (and thesfstknown algorithms are worst case
exponential in the size of a game, c.f. [13]).

To our knowledge, for none of the compact forms and only onga@fpreprocessors [7] have
approximate representations or reductions been invéstidar general games lacking the precise
structure they require. In Section 5 we define an approxonatin our algebras;factoring, for
games withnearly independent strategic interactions. As an example, wenexaer direct flight
game to include limited revenue for indirect flights. We shbat e-factors can be used to com-
pute ane-Nash equilibrium of their approximated game. Cartwrighthds shown that agents
with human-like social behaviors will reach such an equilliim, and solution concepts with re-
laxation parameters have been more generally advocatedddeling agent behavior in realistic
settings [15].

We give a polynomial time algorithm for finding thefactoring that isolates a specific inter-
action with minimume. This allows an agent, as input, to propose a model propatcgions
for players to make independently. Thef the returned factoring captures the stability of this
model, in terms of incentives for all players to consider filegame instead. Additionally, the
returnede-factoring incorporates the best possible approximatfairategic interactions between
decisions mistreated as independent.

Motivating Example

To motivate the structure we will discuss in this paper, wespnt the Direct Flight Game (DFG).
Players in a DFG represent competing airlines that mustlsameously choose subsets of direct
routes between cities to service. Parameters of a DFG gpfmitach route, the cost of servicing
the route and the total revenue it will generate. Any playwising a route pays its cost, but
competitors servicing the same route split its revenue. ample of a DFG with two routes is
given graphically in Figure 1.
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Figure 1. Graphical example of a two-route DFG.

Its full normal form representation for two players is pregel in Figure 2 (top). Rows and
columns represent pure strategies of each player and tleeatineir intersection lists the row and
column utilities respectively. Note that when deciding tiee or not to service a route, a player



Neither LA-CH CH-NY Both

Neither 0,0 0,2 0,4 0,6
LA-CH 2,0 -1,-1 2,4 -1,3
CH-NY 4.0 4.2 -1,-1 -1,1
Both 6,0 3,-1 1,-1 -2,-2
—LA-CH LA-CH —CH-NY  CH-NY
—~LA-CH 0,0 0,2 —~CH-NY 0,0 0,4
LA-CH 2,0 1,1 CH-NY 4,0 1,1

Figure 2: Top: Two-player normal form representation of example DFG fraguFe 1. Bottom:
Independent factor games corresponding to each route.

needs to consider only whether or not he or any of his oppsneititservice that particular route
— all decisions regarding other routes do not affect thétytjenerated by this one. In this sense,
the full DFG can be considered a collection of independentiag one per route, as shown in
Figure 2 (bottom). Note that if we were to add an additionaiteo we could simply append an
additional factor game, while the full NFG would quadrupiesize.

Explained in this way, the normal form representation offft& registers as contrived. How-
ever, this is not immediately apparent from the normal forithewt the given context.

2 An Algebra of Games

In this section we define a gampeoductoperator,®, and present associated vocabulary regarding
the algebra it induces on games. The goal is to re-interseighe game as the product of smaller
games that can be played independently while capturinguédloones and strategic interactions in
the product game. We formally consideraiplayer NFG,G#, as consisting of the following.

° S;“, the set of pure strategies associated with each pay®Ye denote pure strategies with
s and mixtures asn).

° uf‘ : P — Q, playerz’s utility function, whereP is a strategy profile containing one choice
of (potentially mixed) strategy for each player, and théoral value returned is playéis
(expected) utility undeP.

Definition 1. Theproduct of twon-player normal form game§“ andG?, denotedZ4 @ GP, is
a new game>“ with the following properties.

e Playeri’s pure strategy sef¢ equalsS# x SZ. E.g., there is exactly one strategy, € S¢
corresponding to every pai, € S#, s, € SP.

e Givenpurestrategy profileP® for G¢, where profilesP* and PP contain corresponding
pure strategies in each factor gameu¢ (PY) = u(P4) + uP(PP).



Definition 2. LetG¢ be ann-player NFG. Twar-player NFGs G4 and G?, arefactors of G¢ if
GA oGP =GC.

The bottom segment of Figure 2 gives factor games whose priglaur example DFG. Each
factor game corresponds to a particular route, and purtegtes in the factor games correspond
to servicing or not servicing that route. Each outcome irftifigoroduct game is the element-wise
sum of a pair of outcome tuples, one from each factor gamee¥ample, the outcome in the full
NFG when the column player services only LA-CH and the row @taservices only CH-NY is,
(4,2) = (0,2) + (4,0).

We can see that the ordering of the factors does not matteeiodnstruction of the full game.
We can also add a route to our example DFG by taking the praxfube full game with a game
corresponding to only the new route. This illustrates tHiefang properties of the game product
operation.

Proposition 1. ® is commutative (G* ® G? = GP ® G*) andassociative((G* @ GP) ® G¢ =
GA® (GB ® GO

We construct game product’s identity element,such that for any.-player game, GR I,, =
G. I, is ann-player game with a single action for each player and O astisties of the single
outcome.

Definition 3. Ann-player game? is irreducible with respect to game productif andG are its
only factors.

Definition 4. A factoring for G4 is a collection of game$' such thatH?;kEF Gk = GA. If all
games in F are irreducible, theR is atotal factoring of G4.

The following vocabulary is used throughout this paper tatesobjects associated with a
product game to those associated with its factors.

If G¢ = G4 ® G, then a pure strategy i“ is called aproduct strategyand can be denoted
sa € SC if it corresponds tdactor strategiess, € S ands, € SZ.

We denote a mixed strategy of playen the product game:¢’. Theprojection strategyf m¢
onto G4, denotedn!, is the mixed strategy in the factor game with weight on eagle gtrategy
equal to the sum of weights im{ on its products. For example, if¢ is a profile for the row
player of our DFG example with weighfs, .5, .5, 0], then its projections ar¢ = [.5,.5] and
mP =[5, .5].

There is a special class of mixtures where the probabilityamh product strategy is the product
of the probabilities on its factor strategies in its proj@es. We call such a mixture thgoduct
mixture of its projections. For example, the product of projectigifsand:” above is a new row
mixture for G, [.25, .25, .25, .25]. Note that some mixtures, including® defined above, cannot
be described as the product of any mixtures in the factor game

1Omitted proofs can be found in the Appendix.



This notation extends to profiles as well; th@jection profileof P¢ ontoG4 is denotedP4,
and contains projections of each player’s strategy. Sityjl#¢ is theproduct profile of factor
profiles P4 and P? if each player’s strategy i#** is the product of that player’s strategiesir
andP5.

3 Reasoning with Factors

One benefit of our algebra is that game factors are games irattidonal sense, and all solution
concepts and algorithms for the normal form can be appli¢delom. To demonstrate that strategic
invariants of a product game are captured by its factor gameshow how a variety of solution
concepts can be transferred directly from factor gamesetio pnoduct. Specifically, we show that
the dominated and rationalizable strategies, and Nashl@gumn profiles in factor games describe
the only corresponding entities in their product.

First we consider the relationship between strategiesateatiominated in factor and product
games. Dominance plays an important role in guaranteesithifit behavior for many designed
mechanisms. Strategy for player: is dominated if there is another strategywhich is always
preferable; e.g., for all profileB_; over opponent strategies,(P_; U {s;}) < w;(P-; U{s.}).)

Theorem 1. A product strategy islominated iff at least one of its factor strategies is dominated.

We now provide a similar result for the concept of ratioralhiity. A strategy for playe¥ is
rationalizable if it isi’s best responsagainst some rationalizable opponent strategy profile.

Theorem 2. A product strategy isationalizable iff all of its factor strategies are rationalizable in
their respective factor games.

Finally, we consider the most important point valued soluttoncept, the Nash equilibrium.
A strategy profile is in Nash equilibrium if no agent can berfedim unilaterally deviating. The
following results show that Nash equilibria in factor gandescribe the only equilibria in their
product games.

Lemma 1. If a product profile is inNash equilibrium, then its projection onto any factor game is
in Nash equilibrium.

Proof Sketch. AssumeP¢ is a Nash equilibrium profile in the product game, and its getipn
onto G4, P4, is not in equilibrium. Then there must be some plaiésr which there exists a
mixed strategyn; that is a better response than his projected strategy PA. We let A be
a change vector describing how to chamgginto m/. Using A# we can build a similar change
vector fori’s mixture in the product game\¢’, which improves’s utility, violating the assumption
that the original profile was in equilibrium. O



Theorem 3. The product of a set of factor profiles is in Nash equilibriumaiproduct game iff
each factor profile is in Nash equilibrium in its corresporgliiactor game.

Proof Sketch.A product profile in equilibrium must be the product of eduila based on Lemma 1.
The product of equilibrium profiles is an equilibrium in th@gduct game because the best response
structure is preserved by the product operator (i.e. thdymioof the best responses in each factor
game must be a best response to their product profile). n

Note that Theorem 3 leaves open the possibility that thast eguilibrium profiles in a product
game that cannot be described as the produahgtet of factor profiles. (For example, in a game
with all zero utilities, any profile is in equilibrium.) Hower, the following proposition confirms
that products of factor equilibria still represent any spobfiles.

Proposition 2. If a Nash equilibrium profile in a product game cannot be repréed as a product
of factor profiles, then the profile is weakNash equilibrium (at least one player is indifferent
about playing his equilibrium strategy). Furthermore, aexists an equilibrium profile whidls
the product of equilibria profiles in factor games, such teath player is indifferent between their
strategies in the original and product profiles.

Proof Sketch.It can be shown that the product of any equilibria’s proasi is an equilibrium
profile consisting of strategies to which players are iraéht. ]

To summarize the results regarding Nash equilibria, we shegvn that all Nash equilibrium
profiles in a product game are either strict equilibria whach the product of equilibrium profiles
in factor games, or else they are part of a collection of wegkiliéria whose projections are
Nash equilibria. In the latter case, the product of the @tay@s constitutes a representative of the
collection. Therefore we can describe all Nash equilibria product game, by generating profiles
that are the products of every combination of equilibriagfactor games.

The number of Nash equilibria in a product game can potéyti infinite, but we can pro-
duce a single Nash equilibrium simply by finding one in eaatidia We therefore derive the
following two corollaries. We denote the complexity of findia Nash equilibrium in a game with
representation length asNE(x).

Corollary 1. A Nash equilibrium of a game with representation lengtand a known factoring
can be found irO(n + NE(n')) time, wheren' is the representation length of the largest factor.

Corollary 2. For any game with representation lengttand constant maximum irreducible factor
size, its totally factored representation i.) has len@tfiog(n)), and ii.) allows a Nash equilibrium
to computed in timé&(n).



4 Factoring Games

Consider a scenario where factorable interactions are noiethately apparent, but the corre-
sponding game is factorable. For example, the NFG givengargi2 could be an airline’s empiri-
cal estimation of how profit is distributed under differenhpetitive scenarios, without the airline
knowing that profits from routes are independent. In thisiseave give the outline (abbreviated
due to space) of an algorithm for finding factors of an arbjtfdFG in time polynomial in the
size of the game and the largest difference in any one pkwdtities. The two primary aspects
of game factoring are i.) identifying the redundancy initigs that allows them to be expressed as
summations and ii.) maintaining the strategic interactiohthe original game in the factors. Our
algorithm involves two phases accomplishing these tasks.

4.1 Factoring Strategy Sets

In the first phase we describe each player’s impact on albowgcutilities as the sum of the impacts
of several distinct decisions, rather than a single choatevéen pure strategies. We identify for a
playeri the strategy setS;, ... S with the potentialto become’s factor strategy sets in a total
factoring. We call these “potential” factor strategy se¢sduse in this phase we consider one
player at a time and ignore interactions between playetscth#ld prevent decisions from being
reasoned about independently.

We first represent each playés strategy set; in the original game as a polynomi#{ en-
coding the utilities of all outcomes in which each strategiplayed. Each term of; encodes the
impact of a single strategyas the product of placeholder variables, labelgd, ;), corresponding
to each profile of opponent pure strategieés and player;. The exponent on eachin a term
equals the utility for playej whens is played againsP_,. Utilities may be rational or negative,
so we multiply them by a constaitand offset them by in order to make them valid polynomial
exponents (i.e. non-negative integers). The coefficiehtiseopolynomial are in the non-negative
integersN (coefficients greater than one occur only in the case of réaitstrategies).

(1) = S TIIT ezt

seS; P_; j

For example, in the DFG described in Figure 2 we representaiveplayer’s strategy set as the

following polynomial. (Note that we have given arbitrarytlsonsistent indices to each)

V_ 22242628 4.2 1,.4.6.1.5
f TIXRTZX TETgL7 TS + I1I2x3z4x5x6x7x8 +

6,2 6.4 .1 113 8, 2 3,100
TITX3T4 U5 TeTrlyg  + 3714”2953374955%557338

Observe that the product of two polynomials constructetlisway is a new polynomial where
the exponents on each term are the sums of exponents fromaf paims in the factor polynomi-
als. In this way the product of two such polynomials représarstrategy set with outcome utilities



as defined by our game product operator. Conversely, fagtay f; into the product of lower
degree polynomials is equivalent to findifig potential factor strategy sets}, ... S¥.

4.2 Preserving Strategic Invariants

Each potential factor strategy set can be thought of as aateptecision made by a player regard-
ing how to impact the game. However, these decisions mayliim enade in isolation — some of
themstrategically interact, and must be reasoned about together as part of the samedaote.
Intuitively, a potential factor strategy sét' strategically interacts witISJB if player ¢’s choice
from S affects the relative impact on some playerjisfchoices fromSJB.

Definition 5. Observe that we can describe any pure strategy prdfile the product game as
the product of choices from each potential factor strateglyfsr all players. Giverns € S and
s e SJB, let P, ) denote the profile identical t& except fori’s choice ofs and;’s choice ofs’. SA
strategically interacts with SJB if there exists profilé”, potential factor strategies,, s’ € S/ and
sy, s, € SP, and playerk such thatk’s difference in utility in the product game wherswitches
from s, to s} is not the same for both @% choices,s, ands/,,

U (Pls,s)) = Uk(Psa.sp)) 7 ue(Psys) — ur( Py .s))

To find groups of strategy sets thadn be isolated, we compute the transitive closure of the
strategic interaction relation. Groups of potential fastoategy sets under this closure are minimal
collections such that no members from different groupsaue Each such group corresponds to
one factor game in a total factoring of the original.

To generate a factor game from a group, we first constructarfatrategy set for each player by
taking the Cartesian product of that player’s potentialdastrategy sets in the group. (If a group
has no sets for a player, we give that player one dummy syraté no impact on the game).
We then calculate utilities of the factor game by holdingisieas outside that factor constant
and examining the differences in utility granted to eacly@tavhen different combinations of
strategies within the factor are selected.

4.3 Complexity of Game Factoring

To factor the multivariate polynomial ové&f corresponding to each player’s strategy set we adapt a
method from [17]. We first use fast algorithms to factor thiypomial over the integer&, which
might result in factors with negative coefficients. Then wedll ways of multiplying factors

to find a factoring with all positive coefficients. The fastayorithms for factoring a sparse-
representation multivariate polynomial ovér(e.g. [14]) have worst case expected complexity
polynomial in representation size when degree is boundedut representation, this bound on

’Note that a directed version of the same concept is given #lM asstrategic relevance
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degree corresponds to a bound on the maximum difference imtkger form of any one player’s
payouts. Since the size of the polynomial we construct iséimee as the size of the game, and the
number of factors is bounded by the degree, we can both famgpolynomial and multiply all
combinations of factors in expected polynomial time.

Interestingly, the semi-ring of polynomials ovdiis not aunique factorization domaifUFD),
meaning that there are polynomials ovewith multiple unique total factorizations (c.f. [17]) and
consequently strategy sets that can be factored multipys wizhis result can be extended to apply
more widely to our algebra, showing that there exist gaméis multiple unique total factorings.
Fortunately, the method above for finding a positive facof a polynomial can enumeraad
such factorings with the same worst-case polynomial timmpiexity. Thus, we can, with no
greater difficulty, enumerate all potential factoringséach player’s strategies.

Given multiple ways to factor the strategy sets of each playe may have to construct a
different total factoring of the game for every combinatibtowever, we have the following worst
case bound on the number of possible total factorings.

Proposition 3. There are at mosO(n) possible total factorings of an NFG with representation
lengthn.

Additionally, we can compute the transitive closure of tgigéc interaction in polynomial time,
giving us the following proposition.

Proposition 4. Our algorithm finds all total factorings of an NFG with boundedyputs and
representation length in expected time worst-case polynomiahin

In practice, we can factor a 2-player DFG with 10 rout®'$ étrategies per player) in about 1
minute on a 3Ghz Pentium 4 with 1GB of RAM.

5 Approximate Game Factoring

There are many reasons an agent might mistreat decisidrstrid@gically interact as independent.
For example, due to an incorrect model, or computationalne®s too limited to reason about the
decisions simultaneously. In this section, we use our aigebexamine at what cost a decision
that is onlynearlyindependent can be made in isolation. We define-attoring of a game as a
collection of factors whose product is nearly (its outcomeswithine of) the game.

Definition 6. The collection of gamedy;, with productG?Z, is ane-factoring of G if every pure
strategy inG“ corresponds to a distinct pure strategyGf such that for any pure strategy profile
P4in G4, its corresponding profilé? in G2, and each player, | u(P4) — uf (PP) |[<e.

We can extend our results regarding Nash equilibriafectoring by considering the notion of
ane-Nash equilibrium. A strategy profile is said to besiNash equilibrium if no agent can benefit
by more thare from unilaterally deviating. It has been shown that agents sufficient behaviors
of imitation and innovation will learn to play such an eqoilum [4].
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Theorem 4. The product of Nash equilibrium profiles in arfactoring of a game is am-Nash
equilibrium of the game.

To motivate this application of our algebra, we present tigiréct Flight Game (IDFG), which
extends the DFG to provide bounded revenue from indirectt{ap) flights. An additional
parameter specifies revenue to be split between carriensisgrsome specific indirect paths. The
NFG in Figure 3 presents an IDFG variation of our original DEtample, where an additional
revenue of 2 is available to providers of indirect servianglthe path NY-CH-LA.

Neither LA-CH CH-NY Both

Neither 0,0 0,2 0,4 0,8
LA-CH 2,0 -1,-1 2,4 -1,5
CH-NY 4,0 4,2 -1,-1 -1,3

Both 8,0 5,-1 3,-1 -1,-1

Figure 3: IDFG example with revenue ®favailable for indirect service between NY-LA via CH.

The IDFG example can no longer be factored along each dioeite thecause players receive
the additional indirect revenue by a combination of deaisicegarding the two. However, since
the game is very similar to the DFG, it is stiléarlyfactorable. In fact, the original factoring given
for the DFG in Figure 2 (bottom) is anfactoring of the IDFG withe = 2. Interestingly, another
e-factoring of the example IDFG, shown in Figure 4, achiea/es%.

-LA-CH  LA-CH ~CH-NY  CH-NY

1 1 3 1 1 3

-LACH | -1, -1 | 13 SCH-NY | -1 -1 | 143
LA-CH | 2 CH-NY | 4

A0 [ e
ENEEFN
A0 [ s
NS

=
NG

NG
PN

Figure 4: Minimale-factoring of IDFG example in Figure 3.

The naivee-factoring of our IDFG example simply ignores the additilomidity from indirect
demand. The-factoring in Figure 4 incorporates in its utilities an ingitl estimation of the impact
of strategic interactions across factors. This is illusiiidoy comparing the two factorings in terms
of the difference in utility between servicing and not seiwy a route. In the lowerfactoring, this
difference has been increased in anticipation of the bamuservicing both routes. The best such
estimation that isolates a particular strategic inteaacts thee-factoring along that interaction
with minimal e. It can be found by a semi-naive algorithm that, given thategy sets (but not
utility functions) of twoe-factors, assigns optimal outcome utilities. (The factgiin Figure 4 was
computed in this way.)

Our algorithm is based on the fact that two outcome utili{fie®se with largest positive and
negative errors) determine thén any minimale-factoring. For each potential such pair, it solves
a linear program to assign factor utilities minimiziagvhen that pair defines it, and returns the
solution with minimale.
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Proposition 5. Our algorithm finds are-factoring that isolates a specific decision with miniraal
in time polynomial in the representation of the game.

Thee in the returned factoring can be considered the cost — ind@fmodel accuracy, or the
stability of equilibria it is used to compute — of reasonirigpat that interaction separately from
the rest of the original game. An agent or mechanism desicgreuse this technique to propose
a factoring as an approximate compact form and compute teaiive for any player to consider
the actual game instead.

6 Conclusions and Future Research

We presented an algebra that represents some complex gatmespaoduct of factor games with
independent strategic interactions. A game factoring aandmsidered a compact form and, for
a variety of solution concepts, reasoning about factorBcesfto analyze their product (but is
potentially much faster). We outlined an algorithm for fimgliall irreducible factors of arbitrary
games with bounded payouts, with expected time polynomihlgir size. Our algorithm is built on
fast computational algebra methods for factoring spagpeesentation polynomials and computing
transitive closures.

To characterize strategic interactions thatregarlyindependent, we defined an approximation
on our algebrag-factoring. We showed thatNash equilibria of a game can be found by finding
Nash equilibria of its-factors. The existence of an approximate reduced form theggquestion,
how good is a particular approximate representation? Weatidhat calculating the minimal
e-factoring with a particular structure can answer this i of the incentive for any player to
consider the full game instead. We outlined a polynomiaétaigorithm for finding the minimal
e-factoring that isolates a specific interaction. The résglapproximation incorporates a best-
possible estimation of ignored strategic interactions.

We considered computing arfactoring only when a factor structure was given. An altjor
without this parameter, which searchesddactorings that compact a game while maintaining low
¢, could allow automatic detection of tractable models wiihbraximate guarantees. Additionally,
search and approximate search algorithms for game fagtseirve as preprocessors for other types
of analysis; this approach could be applied to other comipacts as well.

Another area for future work involves examining algorithmish worst-case complexity in-
dependent of degree for factoring sparse integer polynsmigerN, since this forms the inner
loop of our game factoring algorithm. This problem has beadisd for polynomials ofZ. (and is
believed to be coVP-Hard), but not with the additional constraints offered Iy game theoretic
setting.

The most immediate application of this work is in factorimglapproximately factoring games
learned empirically.
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7 Appendix

Proposition 1. ® is commutative (G* @ G? = GP @ G*) andassociative((G* @ GP) ® G¢ =
G ® (GP ® GY9)).

Proof. This follows trivially from the fact that addition has thgseperties, and is the underlying
function of the® operator. O

Theorem 1. A product strategy islominated iff at least one of its factor strategies is dominated.

Proof. For clarity, the following proof considers only strict damance and a factoring of only two
factors. The result can be trivially chained to account foy aumber of factors and extended to
weak dominance. Let,;, be a strategy in gam@® with factor strategies, ands, in factor games
G4 andG?P respectively. Ifs, is dominated by some strategy in G thens,;, must be dominated
by s, since the utilities of,;, ands,, differ only in their contributions from outcomes @*. The
same reasoning applies to the case whgrie dominated by some,. This proves the forward
implication of the Theorem that,, is dominated ifs, or s, is dominated.

Now we will prove the backwards implication, namely thathetstrategys,;, is dominated
in G¢ thens, or s, must be dominated in its respective game. Assume that meither s, is
dominated in its respective game, By is dominated inG¢. The fact that neither factor strategy
is dominated means that there exists some pure strateglepsbéipponentsp, for which s, is
better than some other strategyGr, s,/, and likewise fors, againstP? compared te;,. Based
on this reasoning, the strategy, must be better than the strategy, in G¢ against the opponent
profile P¢ which is the product of profile®+ and PZ. Thuss,, is not dominated irG¢ which
contradicts our assumption. n

Theorem 2. A product strategy isationalizable iff all of its factor strategies are rationalizable in
their respective factor games.

Proof. We will provide reasoning that applies to games with twodest which can be trivially
chained to account for any number of factors. Consider aeslyat,, for player: in a game
G which is the product strategy of, in G4 ands, in GB. Assume that botls, and s, are
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rationalizable in both of their respective games, thengleist rationalizable profiles iG“ and
G® for the players other thain P4 and P2, such thak, ands, are the best responsesiafgainst
P# and PB, respectively. It must be the case that is also a best response to the producPdf
andPZ in G, which ensures that,;, is also rationalizable. This argument can easily be exignde
to all of the other players in the game, which proves the fotviiplication of the Theorem.

To prove the backward implication of the Theorem we assuraedlstrategy,, is rational-
izable, but (wlog)s,, its factor strategy from gam@“, is not. This implies that there exists a
strategy profileP® to which s, is a best response, but by our assumptipannot be the best
response to the projection 61 onto G4, PA. Thus there is some other strategythat provides
more utility thans, againstP#, and consequently,,, must provide more utility againgt® than
sap (Sinces,, ands,, differ only in their contribution from the“ factor game). This leads to a
contradiction with the fact that,, was a best response K" (which followed directly from our

assumption that,, was rationalizable). O

Lemma 1. If a product profile is inNash equilibrium, then its projection onto any factor game is
in Nash equilibrium.

Proof. AssumePC is a Nash equilibrium profile in the product game, and itsgetipn ontoG4,
PAisin equilibrium. Then there must be some play&or which there exists a mixed strategy
m/ that is a better response than his projected strategy PA. We let A2 be a change vector
describing how to change:; into m). Using A we build a similar change vector for the full
game A%, that improves’s utility in the product game, violating the assumptiontttiee original
profile was in equilibrium. We us&# to improvei’s utility in G by adjusting profileP® in the
following way.

AApab
> Pav/
This adjustment ta?® garantees that its projection onfé® has not changed at all, and player

i has received the additional benefit frakt* which contradicts our assumption that’ was in
equilibrium. ]

Pab € Pz‘c = Pab +

Theorem 3. The product of a set of factor profiles is in Nash equilibriumaiproduct game iff
each factor profile is in Nash equilibrium in its corresporgliiactor game.

Proof. A product profile in equilibrium must be the product of equila based on Lemma 1.
To prove that the product of equilibrium profiles is an eduilim in the product game we will
consider the case of a game with two factor profileg,and P? (this reasoning can be trivially
chained to account for more than two factors).

By the definition of a Nash equilibrium we have the followinguatjons.

2 (Vi,sh € SY) > poui(sa, PY) = wils), PY)
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(3) (Vi, s, € SZ-B) Zpsb
sp

A symmetric equation holds for the equilibrium i By summing the two equations, we have

(Vi, s, € SA s € SP) Zpsaui(saapfi) +

(4) > paui(sn, PP) = wilsl, PA) + ui(sy, P7)
sp

Since each profile must be a valid probability distributiand consequently_, = Zp% =1,
all of the inequalities above can be re-written in the follogvway.

Z Zpsapsb (ui(saa Pf‘z) + ui(sln Pi)) Z

Sa  Sp
(5) ui(‘siw sz) + ui(sgw PE)

This proves that the product projection Bf* and P?, P¢ = {p,.ps, | p., € P4, ps, € PP}, isa
Nash equilibrium profile.
[

Proposition 2. If a Nash equilibrium profile in a product game cannot be représd as a product
of factor profiles, then the profile isweak Nash equilibrium (at least one player is indifferent
about playing his equilibrium strategy). Furthermore, iaexists an equilibrium profile whids
the product of equilibria profiles in factor games, such teath player is indifferent between their
strategies in the original and product profiles.

Proof. Let profile P¢ be a Nash equilibrium in product gani&’ that is not a product of factor
profiles. Our proposition states that there exists a mixextegym for each playet such that
i) uS(PC U {m}) = uf (PY) and ii.) eachn/ is the product of factor mixtures which comprise
equilibrium profiles in their corresponding factor games.

Lemma 1 requires that even if a Nash equilibrium cannot bétewias the product of factor
profiles, its projections must nonetheless be Nash equailibrtheir corresponding factor games.
Let eachm/, called for by our theorem be the product of the mixtures bgilemto playeri in the
projections ofP¢. This satisfies the second condition of our Propositionfitisecondition must
be true since both; andm; are best responses to the rest of the profile. O

Corollary 1. Given factors of a gamé;, a Nash equilibrium o7 can be found irO(n + NE(n'))
time, wheren is the representation length éf and»’ is the representation length of its largest
factor.
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Proof. This follows trivially from the fact that we can construct aquilibrium by taking the
product of equilibrium profiles in the factor gamesof O

Corollary 2. For any game with representation lengttand constant maximum irreducible factor
size, its totally factored representation i.) has len@tfiog(n)), and ii.) allows a Nash equilibrium
to computed in timé(n).

Proof. Clear. For example consider our DFG as a generator for cdrfataor size 2. n

Proposition 3. There are at mosO(n) possible total factorings of an NFG with representation
lengthn.

Proof. The representation length of an NF&,is proportionate to the product of the number of
strategies of each player. Since we can factor a strategyf pédyeri, with sizem;, into at most
alog m; factors, there can be no more th@rm;) possible positive factorings (if all combinations
were to be positive, which is admittedly an over estimatey.dach of these of each player we will
get a different total factoring, which givés(] [, m;) = O(n) possible total factorings. O

Proposition 4. Our algorithm finds all total factorings of an NFG with represation lengthn in
time worst-case polynomial im and the largest difference in one player’s outcome utsitie

Proof. Our algorithm for factoring games is correct since factrihe polynomial representa-
tion ensures strategies can be represented as the sum rofaitters and strategic interactions
are isolated in their respective factors. Our algorithmosiplete since we find all possible total
factorings, and has this time complexity as described imthi text. n

Theorem 4. The product of Nash equilibrium profiles in arfactoring of a game is am-Nash
equilibrium of the game.

Proof. Let P!,... P* be profiles in Nash equilibrium ie-factors of gameZ. We know from
Theorem 3 that the product @f, ... P*, P’, must be a Nash equilibrium in their product game
G', and from the definition of ar-factoring that the utility of every pure strategy profileGi is
within e of its corresponding profile in:. Trivially, this result extends to mixed strategy profiles.
By playing P’ in G’ no agent can deviate an improve utility at all, thus the mogt@ayer could
possibly improve over playing”’ in GG is due to a difference between the two games, which is
bounded by. n

Proposition 5. Our algorithm finds are-factoring that isolates a specific decision with miniraal
in time polynomial in the representation of the game.

Proof. The factoring has minimal due to the construction of the algorithm (since it is defined
by some two outcomes and all are checked). Polynomial coatpl®llows from the fact that
the number and size of the linear programs is polynomial,lgw@ér programs can be solved in
polynomial time. O
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